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Abstract 
This paper is concerned with the study of bolted joints undergoing fretting damage.  The analysis has been prompted by an 
investigation into failures of wheel-hub assemblies in earth moving equipment.  In such applications, premature failures of the 
wheels initiating at the wheel-hub connection is observed in service.  Fretting fatigue and wear induced by flexural loading at the 
wheel-hub bolted joints are often deemed to be responsible for damage initiation and crack propagation.  Ad hoc analytical 
formulations have been developed and implemented by the authors in order to capture the mechanisms which govern these 
phenomena.  In this article we present a semi-analytical boundary element modelling technique, which combined with contact 
asymptotic techniques (BEM/CA) can be employed to assess the strength of bolted connections subjected to flexural loadings. 
© 2009 Elsevier B.V. All rights reserved 
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1. Introduction 
Fretting damage is considered an important failure mechanism for a variety of mechanical components and 
assemblies.  However, the analysis of practical fretting problems entails significant difficulties related to the 
characterization of the contact interactions [1].  Starting from the multi-level strategy for the study of wheel-hub 
bolted joint developed in [1], we focus on the direct characterisation of the stress and displacement fields in the 
proximity of the contact edges, where localised dissipative processes and damage take place. 
The solution of the simplified tilted flat-and-rounded contact configuration [2], representing the edge of the hub 
interacting with the wheel disc, is obtained using the indirect boundary element method (BEM) [3, 4].  Analytical 
elements are used to provide an accurate description of the stress state close to the contact boundaries, where local 
stress concentrations and high stress gradients are present. An incremental procedure is also implemented to capture 
local geometrical changes in the deformed configuration and contact load history.  Once the surface tractions have 
been determined, the contact asymptotics (CA) technique [2, 5-7] can be implemented to add details and to 
characterise the frictional energy dissipated and the damage initiated in the neighbourhood of the contact edges. 
Finally, the quantification of fretting fatigue crack nucleation thresholds [7] and the possibility of embedding a 
crystal plasticity polycrystalline description [8] within the continuum BEM-CA formulation is mentioned. 
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2. Boundary Elements Formulation 
According to the indirect boundary element formulation [4] the stress and displacement fields within a body D 
with boundary  can be expressed as follows: 
( ) ( ) ( ),ji i jU z U z w dξ ξ ξΩ= ∫   (1) 
( ) ( ) ( ),ji i jS z S z w dξ ξ ξΩ= ∫   (2) 
where Ωτ ∈ , ( )iU z  and ( )iS z  are the i-th components of stress and displacement fields at z ∈  D.  ( )ξ,jiU z and  
( )ξ,jiS z  are the i-th components of displacement and stress at z due to a unit force at  applied in the j-th direction, 
and ( )ξjw  are the unknown weight functions that represent fictitious distributions of normal and shear tractions.  
Formulating the problem at the boundaries, we can write: 
( ) ( ) ( )* ,ji i jU z U z w dξ ξ ξΩ= ∫                     with , zξ ∈ Ω  (3) 
( ) ( ) ( )* ,ji i jS z S z w dξ ξ ξΩ= ∫                      with , zξ ∈ Ω                             (4) 
The solution to the boundary element problem is obtained when the weight functions, wj, are found to satisfy (3) 
and (4) z∀ ∈ Ω , where ( )*iU z , ( )*iS z  are the known i-th components of displacement and surface tractions at the 
boundaries.  Analytical solution of (3) and (4) is not usually feasible and a discretised form is employed. 
2.1. Discretised form 
In two dimensions, the boundaries of body D are discretised in straight segments and (3) and (4) are exactly 
satisfied only at N nodal points.  A piecewise linear discretisation of overlapping triangular shape functions [9] is 
chosen for the evaluation scheme of the unknown weight functions.  At each node m:  
* n
m i m i n m
t
i tU U w U w⋅ + ⋅=                           and                      
* n
m i m i n m
t
i tS S w S w⋅ + ⋅= , (5) 
With m=1,...,N. ,U S  are 1 × N row vectors of known coefficients and ,n tw w  are N × 1 column vectors of the 
unknown fictitious normal and shear tractions. The terms of the coefficient vectors ,U S  are integrals of the 
triangular shape function over each element that are computed analytically.  Two-dimensional problems require two 
of the four boundary conditions, representing the two components of displacements and normal and shear tractions 
at the surface, to be specified at each node.  A set of 2N equations (5) can then be formed. In matrix form: 
*uw⋅ =A
  (6) 
where A is a 2N × 2N matrix whose rows are { },n ti iU U
 
or { },n ti iS S  depending on the boundary conditions 
specified at each node, w is a 2N × 1 column vector { },n tw w  of the unknowns and *u  is the vector carrying 
information about both displacement and stress boundary conditions. 
2.2. Formulation of contact problems using indirect BEM 
Consider the problem of a rigid indenter pressed on an elastic foundation (e.g. Fig. 1(a)). In the presence of 
friction, the coupling between the normal and the shear tractions renders the contact problem non-linear and history 
dependent. Thus, an incremental technique [3] must be employed to achieve an accurate solution. The normal and 
tangential loads, P and Q, are applied in small increments, ΔP, ΔQ, so that: 
1k kP P P−= + Δ ;                 1k kQ Q Q−= + Δ   (7) 
and the geometry of the deformable body and the coefficients matrix, A , in (6) are updated at every increment k. 
The contact area, Γ , is divided into stick, stickΓ , and slip zones, slipΓ , (see Fig. 1), giving rise to the following: 
1( )k kY cU h X Y RemY−Δ = − +                    ( ∀ node∈ Γ ) (8) 
k
XU RemXΔ =                                              ( ∀  node stick∈ Γ ), (9) 
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where ( )h X describes the profile of the indenter, 1kcY − is the  coordinate of each contact node as computed in the 
previous increment and kYUΔ  , 
k
XUΔ are the incremental displacements in the Ǧ and Ǧ directions for each node 
within the contact and stick areas respectively. RemX  and RemY  are the components of the remote displacement 
of the indenter.  Furthermore: 
( )1 1k k k kt t n n fσ σ σ σ− −Δ + = ± Δ +              ( ∀  node slip∈Γ ), (10) 
where ktσΔ  and 
k
nσΔ  are the incremental shear and normal tractions, 
1k
tσ
−
, 
1k
nσ
− are the total shear and normal 
tractions computed in the previous increment, and  is the coefficient of friction between the indenting surfaces. 
The contact area and the stick zone are defined in an iterative procedure such that: 
1 0k kn nσ σ
−Δ + <                                      ( ∀ node∈ Γ ) (11) 
1 1( )k k k kt t n n fσ σ σ σ− −Δ + =< Δ +         ( ∀  node stick∈ Γ ). (12) 
The final system of equations to be solved is characterised by 2N+2 equations in 2N+2 unknowns, where two 
additional unknowns, the displacements of the indenter, RemX  and RemY , are to be found in conjunction with the 
2N weight function nodal values.  The two equations to be added to the 2N equation in (6) are obtained by ensuring 
that both normal and tangential force equilibrium conditions are satisfied: 
( )n X dX PσΓ Δ = Δ∫      and       ( )t X dX QσΓ Δ = Δ∫ . (13) 
3. Example problem – Flat-and-rounded tilted punch 
The BEM formulation proposed by the authors can now be applied to solve the problem of a rigid tilted flat-and-
rounded indenter pressed against a finite elastic substrate (E = 210GPa, ν = 0.3) , Fig. 1(a). We first consider the 
normal contact problem, whereby the normal load, , is gradually increased to 10kN within 100 increments. The 
thickness of the elastic substrate is 1mm and angle of the tilt is fixed at /148ϕ π= . Fig. 1(b) shows the comparison 
between the analytical results obtained in [2] adopting the half-plane formulation and the effect of the variation of 
the coefficient of friction on the normal traction distributions within the contact region. The analytical pressure 
distribution, p(x), is successfully matched by the BEM results (see frictionless case – f =0).  It should be noted here 
that the BEM solution predicts a slightly smaller and shifted contact area in comparison with the analytical problem.  
This is due to the fact that the BEM results have been computed using the updated deformed configuration of the 
elastic layer. Furthermore, the presence of friction at the contact interface and the consequent coupling between 
shear and normal tractions is also satisfactorily captured by the BEM solution, as also shown in Fig. 1(b). 
The effect of the variation of the edge radius of the indenter, R, on the fully coupled solution in terms of normal 
and shear tractions is shown in Fig. 2.  The effect of the coupling induced by the finiteness of the elastic layer is 
depicted in Fig. 3, where contact pressure and the shear tractions are plotted for different values of the elastic layer 
thickness. It is shown that the coupling has a significant effect on the size of the contact area and on the distribution 
of the surface tractions when the substrate thickness becomes comparable in size to the contact area. 
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Fig 1. (a) Schematic of contact problem under investigation; (b) normalised contact pressure, p(X): comparison between the frictionless half-
plane analytical solution [2] and the BEM numerical solution for f = 0, 0.2, 0.6 (R = 6mm, t = 10mm, L =20mm, P = 10kN). 
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Fig.2. Effect of the variation of the edge radius  on (a) contact pressure and (b) shear tractions (= 0.2, = 10mm, = 20mm, P= 10kN). 
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Fig.3. Effect of the variation of the elastic layer thickness on (a) contact pressure and (b) shear tractions (= 6mm, = 20mm, = 0.2, P = 10kN). 
4. Discussion 
A boundary element technique has been developed to tackle coupled two-dimensional contact problems.  The 
methodology, semi-analytical in nature, provides a powerful tool for the fast determination of stress and 
displacement fields in the neighbourhood of the contact edges for complex geometries.  The method has also been 
successfully extended to the application of tangential loads and coupled to bounded and singular asymptotic 
analytical descriptions of contact edges [5-7] to shed light on the frictional energy dissipation mechanisms and on 
the determination of fretting fatigue crack nucleation in bolted connections. Planned future developments include 
the coupling of the BEM continuum solver to crystal plasticity polycrystalline finite element formulations for the 
study of nucleation of fretting damage, and the analysis of the evolution of fretting wear. 
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